Recent studies of the ballistic transport in the mesoscopic systems performed in our laboratory are reviewed in the present paper. In the first half of the present paper, we investigate the characteristics of ballistic transport in quantum wires of which the effective confined length (the effective width) varies along the direction parallel to the current. It is shown that the step-wise variation of the conductance as a function of the Fermi energy, corresponding to the ideal quantization of the conductance, is smeared when the effective confined length of the wire varies along the direction parallel to the current and when the temperature increases. In the second half of the present paper, we show the numerical results of wave functions of the stationary states for the geometry of the semi-infinite twodimensional region with a narrow channel as an injector in the external magnetic field. In the presence of the magnetic field, we obtain a periodic peak structure in the modulus squared of the wave function along the boundary in the semi-infinite two-dimensional region, the period of which is nearly equal to the classical cyclotron diameter. Moreover, it is shown that small peaks exist between the periodic main peaks, which is considered to be one of the characteristic aspects of the quantum interference effects. § 1. Introduction
The quantization of the conductance is one of the most remarkable findings in the ballistic transport phenomena, which has recently been discovered in the twodimensional electron system of GaAs-AlGaAs heterostructures_l),z) An explanation of the observed quantization of the conductance has been given on the basis of the assumption of the quantization of the motion along the direction perpendicular to the current. For simplicity, let us consider a quasi-one-dimensional straight wire. Although the electronic states along the wire are described in terms of plane wave functions, in the direction perpendicular to the current the electronic states are described by localized orbitals, and the energy of the electronic states in this direction is quantized. That is, the electronic states have subband structures. If the number of subbands intersecting the Fermi level is Nc (the number of open channels), the conductance of the system can be given by G=(2e 2 /h)Nc on the basis of the Landauer formula variations as a function of the Fermi energy, i.e., the quantization of the conductance.
The observed quantization of the conductance, however, turns out to be not so accurate as expected from the above simple explanation. The accuracy of the quantization may depend on various factors such as the geometry of constriction, the finite temperature and so on. Therefore, it is interesting to investigate the effects of the confining geometry and the finite temperature on the quantization of the conductance in the ballistic transport regime. There are several attempts 5 >-Io) to investigate such effects and this is also the purpose of the first half of the present paper. We consider quasi-one-dimensional quantum wires with the effective confined length varying along the direction parallel to the current. In order to calculate the conductance of the quantum wire, the coupled channel method is used. Through the investigation for the dependence of the conductance on the confining geometry and on the temperature, it is shown that the step-wise variation of the conductance as a function of the Fermi energy, corresponding to the ideal quantization of the conductance, smears when the effective confined length of the wire varies along the direction parallel to the current and when the temperature increases.
Quite recently, van Houten et al.
11
> have fabricated electron focusing geometry in the two-dimensional electron system in a GaAs-AlGaAs heterostructure, and have shown that a periodic peak structure and a reproducible fine structure exist in the coherent focusing spectra. In such an experiment, the interference effects of the electron waves are considered to play a crucial role because the width of the quantum point contact is comparable to the electron wavelength. Thus, it is important to investigate the behavior of the electron waves around the point contact. In the second half of the present paper, we calculate the wave functions of the stationary states for the geometry of the semi-infinite two-dimensional region with a narrow channel as an injector in the external magnetic field.
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On the basis of the numerical results, we discuss the behavior of the electron waves which go out from the narrow channel into the wide region and make a comparison with the classical motion. § 2. Quantization of the conductance in quasi-one-dimensional quantum wires
Model
The model of quasi -one-dimensional quantum wires is shown in Fig. 2-1 . In the following calculations, it is assumed that the confining potential is parabolic. In order to describe the ballistic transport in the model system of Fig. 2-1 
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Quasi-one-dimensional quantum wires with confining geometry of step-wise variation (a) and of smooth variation (b). In these two figures (a) and (b), solid and dashed lines correspond to the wires with the extended and the
2L is the maximum or the minimum effective width of the wire and 2Lo is the width of the wire in the asymptotic regions, y~ ±=. the boundary condition in the asymptotic region y~ -oo, where there is a traveling wave only in the positive y direction (in the negative y direction),
Here Pn is given by (2·3)
In the other asymptotic region y ~ + oo, the J ost functions must be of the form, (2· 6) and q;n(x) is the eigenfunction of the confined part in the asymptotic region y~ -oo.
With the use of the above J ost functions, the wave function can be written as follows.
In the asymptotic region y~ -oo, it has the form In the other asymptotic region y~ +oo, the wave function has the form
Using (2 ·4 is 0.12meV for Lo=100nm and 3meV for Lo=20nm if we assume m*=0.068 m (m is free-electron mass). The temperature T is measured in units of To=nwo/kB, where To is 33 K for Lo=20 nm and 1.3 K for Lo=100 nm. In the next subsection, we show the results of numerical calculations in which 12 channels are taken into account in order to obtain the numerical convergence of the results.
Numerical results
Quantum wires with constricted parts
The Fermi energy dependence of the conductance G in a quantum wire with a constricted part (a narrow part) is shown in Fig. 2-2 . Solid and dashed lines represent the results in the cases where the confining geometry has step-wise variation and smooth variation, respectively. The following effects of the constricted part can be seen on the conductance in the quantum wire. Quantization of the conductance is suppressed if the wire contains a constricted part. Oscillations can be seen in the conductance of the quantum wire with a constricted part of step-wise variation. On the other hand, there are no such oscillations in the conductance of a quantum wire with a smoothly varying constricted part. It can be considered that these oscillations originate from the step-wise variation of the constricted part in the wire. In the wire with a constricted part of step-wise variation, there exist resonance states which lead to the oscillation of the conductance. In order to see this, the structure of the wave functions is investigated in the region of 2.4 liwo< EF< 2.7/iwo for B=O. It is noted that there exists no coupling between channels of even and odd number in the case where the external magnetic field is absent and that the wave function lfln(x, y) can be decomposed as lfln(x, y)=~zq;z(x) lfln(l, y). In this region, the magnitudes of without reflection from the right-hand side of the narrow part to the left-hand side of it and hence has the contributions to the conductance larger than that in the case of Fig. 2-4 . In Fig. 2~4 , one can see that the electron initially in n=1 channel is strongly reflected by the narrow part. Therefore, the conductance at EF=2.63 nwo takes a value larger than that at EF=2.48 nwo. Similar argument can be applied to the case EF""'4.19 nwo.
It can be considered from the present results that the oscillation in the conductance becomes weaker when the step-wise variation of the constricted part is replaced by, e.g., a trapezium-like variation. Such a tendency of the conductance has been shown numerically by
Tekman and Ciraci. 
Quantum wires with extended parts (wide parts)
The conductance of a quantum wire with an extended part (a wide part) is shown in Fig. 2-5 as a function of the Fermi energy. Figures 2-5(a) and (b) represent the results in the cases where the confining geometry has step-wise variation and smooth variation, respectively. The effects of the external magnetic field are also shown in the figure. In Fig. 2-5 (a) one can see dip structures near EF=2.1 nwo and 2.86 nwo in the case B = 0. The origin of these dip structures can be considered as follows. In the region of 1.74 nwo< EF< 2.5 nwo, the propagating modes (open channels) are n=O and 1 in the asymptotic regions, y_, +oo. Since there exists no coupling between even and odd channels in the absence of the external -magnetic field, the total conductance G can be decomposed into the contributions from an even channel n = 0 and from an odd channel n=1, i.e., G= Geven + Godd· Then the dip structure near EF=2.1 nwo of Fig. 2-5 (a) can be considered to originate from the reduction of Geven due to the enhancement of the reflection probability for the electron initially in n=O channel, which occurs if the energy of the incident electron takes the value corresponding to the energy of the bound state existing in the wide part. In order to see this, the absolute values of Wo(O, y), lffo(2, y), lffo (4, y) and Wo (6, y) are shown in Fig. 2-6 in the region near the wide part for EF=2.1 nwo. There is a bound state in the region near the wide part (see llffo (2, by the wide part. As a result, the number of channels contributing to the conductance is reduced by one. If the Fermi energy differs from that in the case of Fig. 2-6 , the localizing character of the electron wave function vanishes and the electron in n=O channel can transfer from the left-hand side of the wide part to the right-hand side of it without reflection. As a result, the conductance recovers its magnitude. As a reference, the absolute values of lfo(O, y), lfo(2, y), Wo(4, y) and Wo(6, y) are shown in Fig. 2-7 in the region near the wide part for EF=2.3 nwo. As one can see in the figure, there is no localizing character of the wave function~ The electron in n=O channel can transfer without reflection from the left-hand side of the wide part to the righthand side of it (see IWo(O, y)l, solid line). In the case EF=2.86 nwo, the electron in n = 1 channel is perfectly reflected by the wide part. Thus the number of channels contributing to the conductance is reduced by one. If the length of the wide part varies, the bound states mentioned above have different energies and decay rates. As a result, the dip structures in the conductance appear at different energies with different widths as shown in Fig. 2-8 . Similar argument mentioned above can be applied to the origin of dip structures in the conductance of the quantum wire with a wide part of smooth variation. On the basis of the present calculations, it can be mentioned that the dip structures in the conductance of the quantum wire with the wide part irrespective of its geometry, step-wise or smooth, reflect the presence of the bound states. Due to the coupling between n=O and n=1 channels induced by the external magnetic field, additional dip structures appear in the region of EF< 1. 2.2.3. Quantum wires of which the effective confined length in one end is different from that in the other end The Fermi energy dependence of the conductance is shown in Fig. 2-9 for the case where the effective confined length L in the right end of the wire is different from the effective confined length Loin the left end of the wire (see Fig. 2-1(c) ). It is noted that the energy value of the bottom of n-th subband is given by n 2 (n+ 1/2)/(m* L 2 (y)) in the region where the effective confined length is L(y). Then, it can be seen that the subband structure in the region having narrower effective confined length determines the pattern behavior of the conductance as a function of the Fermi energy. Namely, the step-wise increase of the conductance occurs as soon as the Fermi energy makes contact with the next subband defined in the region having narrower effective confined length. The width of the plateau is given by the energy difference between the two adjacent subbands defined in the region having narrower effective confined length. The energy difference between the two adjacent subbands becomes larger and hence the width of the plateau becomes larger as the effective confined length gets narrower.
In Fig. 2-10 , the pattern behavior of the conductance is shown for two quantum wires with different length d of the region where the effective confined length depends linearly on y. The collimation effect can be seen in the figure. Namely, the stepwise increase of the conductance becomes sharper as d increases. As d becomes larger and the change of the effective confined length along the wire becomes slower, an electron can transfer more smoothly from the left end to the right end of the wire. This means that for larger value of d, the excitation of the transverse mode at the cost of the component of the kinetic energy parallel to the current is suppressed and the reflection probability decreases from the region where the effective confined length G ' l\.
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Conductance at finite temperatures
The conductance at finite temperatures is given by (2 ·11) where f is the Fermi distribution function, and Tp.n(E) is the same as TP.n defined above. As shown in Fig. 2-12 , ·the step-wise variation of the conductance becomes smooth as the temperature increases. The conductance as a function of the Fermi energy is shown in Fig. 2-13 at T=0.5 To, which is approximately 0.5 Kif the effective confined length Lo is assumed to be '"""'100 nm. The pattern behavior of the conductance shows resemblance to the experimental results. Fig. 2-12 . The conductance at three different temperatures for L=1.2Lo and d=0.6Lo. Fig. 2-13 . The conductance as a function of the Fermi energy at the finite temperature T =0.5To for L=1.2Lo and d=0.6Lo. Fig. 2-14 . The conductance of a quantum wire with a wide part of step-wise variation (see · Fig. 2(a) ) as a function of the Fermi energy at finite temperatures. Used parameters are L =1.2Lo and d=2.0Lo.
are varied by the applied gate voltage, instead of the variation of the Fermi energy. As a reference, the conductance of the quantum wire with a wide part is shown as a function· of the Fermi energy at finite temperatures in Fig. 2-14 . The steep dip structure originating from the bound state existing in the wide part is observable at finite temperatures in the range of T < 0.05 To, although it is weakened as the temperature increases. At relatively high temperatures T :<0.1 To, the dip structures of the conductance disappear completely. § 3. Wave functions around the injector of the two-dimensional electron system
Wave function in the absence of the external magnetic field
We consider the following Hamiltonian which describes the two-dimensional electron system under a uniform magnetic field B=(O, 0, -B), On the other hand, in the semi-infinite two-dimensional region (y >0, region II), the potential Vrr(x)=O. Then, the extent of the wave function in the x-direction in region I, which is considered to be the effective width of the injector, is about 2£, where L=(1i/mw) 112 , .w=(wo 112 and mc=eB/m. Now we calculate the wave function in the case where the electron wave having the injector mode land the energy EF in region I goes out into region II. At first, we consider the case B=O. In region I, the wave function for the injected mode l is written as 
where
Since we consider the electron wave which goes out from region I into region II, we choose k' (wave number in the y-direction) to be positive for EF>n 2 k 2 /2m. The reflection coefficients Rzn and the transmission function Tz(k) are determined from the boundary conditions, lJij= lJijr and ()lJijj()y=()lJijr/oy at y=0.
Eliminating the function Tz(k) yields the continuity equation in k space,. Fig. 3-1 . These numerical results attain stability by taking the modes O<n<15 into consideration in Eqs. (3·4) and (3·5). It can be seen in Fig. 3-1 that the amount of current flow transmitting from region I into region II is decreased as the value of the injected mode l is increased, which is due to the decrease of the velocity of the injected wave in they-direction in region I as l is increased. For each injected mode, the modulus squared of the wave function around the injector is displayed in Fig. 3-2 . The electron wave in region II is seen to be divided into some branches, the number of which is equal to that of the peak structure in Fig. 3-1 . The interesting point in Fig. 3-2(c) is that the magnitude of the central branch is smaller than that of the other two branches. These aspects may be detected by the investigation of the angular distribution of the electrons injected from the narrow channel into the wide region experimentally.
Wave function in the presence of the external magnetic field
Next, we calculate the wave functions in the presence of the external magnetic field in the Hamiltonian (3·1). In order to simplify the numerical calculation, we use the following expression for the confining potential of the narrow channel by means of the apparent width W, that is, Vi(x)=(1/2)mwo 2 x 2 for lxl< Wand Vi(x)=oo for lxi~W. Note that in the case B=O, we can calculate the wave function for this confining potential and if W~ Lo, we obtain the same results mentioned above. When W is appropriately large, it is possible to use the harmonic oscillator function as the wave function in region I. Then the wave function for the injected mode l can be written as The wave number kj is determined by Dv(/2ro(k)/Lc)=O and the integration in the vicinity of kj refers to the principal value in expression (3 · 7). The second term of the right-hand side of expression (3 · 7) represents the edge state in the case of the hard wall without the injector in region II. The continuity condition of the wave function at y=O is lffr= lffr1 for lxl< Wand lffr= lffr1=0 for lxl~ W. Thus, it is convenient to use the continuity equation of lJf in k space, which is written as.
¢z(Lk)exp(-iky(kz))+
On the other hand, the continuity condition of olJf/oy is required only in the region lxl < W, i.e., olffr/oy=olffri/oy at y=O for ixl< W.
In the presence of the external magnetic field, since we consider the electron wave which goes out from region I into region II, it is necessary to introduce the additional expressed by using the first and the second terms of the right-hand side of expression (3 · 6), respectively. Furthermore, the quantity lout can be expressed by using the wave function at the part of x ~ W in region II as follows,
It is noted that the quantity lout does not depend on x for x > W. By solving the continuity equations for the wave function with the use of the expressions mentioned above, we can calculate the wave function numerically. Here, we deal with the case EF=2nwo, B=OABo(Bo=mwo/e) and W=6Lo, then the physical injected modes are l =0 and 1. The value of W must be smaller than the cyclotron diameter mentioned below. In the following calculation, we take the modes 0< n<20 into consideration as the reflected waves. The modulus squ(;lred of the wave function for the injected mode l =0 is displayed in Fig. 3-3(a) . For the above parameters,. the classical cyclotron diameter is given by Rc=IO Lo. It is interesting to mention that the distance between the main peaks along the boundary in Fig. 3-3(a) is nearly equal to the cyclotron diameter. As for the direction normal to the boundary, the distance between the nearest peak and the second nearest peak with respect to the boundary at x "'Rc is about 1.5Lo. This value is nearly equal to one half of the Fermi wave length ilF=JrLo, which can be understood by considering that _the incident wave and the wave reflected by the boundary form the standing wave in the stationary state. The result for the injected mode l=l is shown in Fig. 3-3(b) . It is seen that the distance between the main peaks along the boundary is slightly smaller than that for l=O, which may result from the fact that for l=l, the electron wave leaves the injector with a certain inclination to the y-axis in region II (see Fig. 3-2(b) ). The characteristic property appearing in Fig. 3-3(b) is that small peaks exist between the main peaks along the boundary, which is considered to be one of the quantum interference effects.
Here we attempt to briefly compare the obtained results to the experimental findings of the coherent electron focusing, spectra 11 > on the assumption that the strength of the modulus squared of the wave function near the boundary is proportional to the voltage measured on the collector. It is considered that the main peaks calculated here correspond to the periodic peak structure of the focusing spectra, since the periodicity of the main peaks is nearly equal Rc. Moreover, the small peaks calculated here may be associated with the fine structure appearing in the focusing spectra.ll) In order to clarify these points, it is necessary to take account of the effects of the interference among the wave functions for the different injected modes in the structure with both the injector and the collector. § 4.
Concluding remarks
In the first half of the present paper, we investigate the characteristics of ballistic transport in quantum wires of which the effective confined length varies along the direction parallel to the current. The conductance in the system is calculated numerically by the coupled channel method. It turns out that the coupled channel method used in the present paper works quite well in order to calculate the conductance of the quantum wires with various confining geometries. The effects of the confining geometry and the finite temperature on the quantization of the conductance are discussed on the basis of the numerical results. It is shown that the step-wise variation of the conductance as a function of the Fermi energy, corresponding to the ideal quantization of the conductance, is smeared when the effective width of the wire varies along the direction parallel to the current and when the temperature increases.
In general, the quasi -one-dimensional quantum wires made by means of microfabrication technology and material growth techniques may have the confining geometry varying along the wires. Hence there may exist resonance states and/ or bound states in the wires. Such resonance and bound states produce the characteristic structures, peak and dip structures, respectively, as shown in the present paper in the conductance of the quantum wires as a function of the Fermi energy (gate voltage). The depopulation effects of the external magnetic field can be seen generally if the magnetic field is applied normal to the plane of the quasi -one-dimensional quantum wires with the confining potential irrespective of their geometrical structures.
It is suggested that characteristics of the resonance and the bound states in the quantum wires can be clarified from the detailed investigation of the structure of the conductance. Such experimental and theoretical investigations are necessary in order to clarify the ballistic transport phenomena in quantum wires.
In the second half of the present paper, we calculate the wave functions of the stationary states for the geometry of the semi-infinite two-dimensional region with a narrow channel. In the presence of the external magnetic field, we obtain a periodic peak structure in the modulus squared of the wave function along the boundary in the semi-infinite two-dimensional region, the period of which is nearly equal to the classical cyclotron diameter. Moreover, it is ,shown that small peaks exist between the periodic main peaks, which is considered to be one of the characteristic aspects of the quantum interference effects. In order to give a full and detailed account of the experimental findings of coherent electron focusing spectra, we are now performing calculations of the wave functions for the geometry of the semi-infinite twodimensional region with both an injector and a collector.
